Introduction
The standard heat conduction equation results from the Fourier law and the law of conservation of energy. Similarly, the classical diffusion equation is obtained from the Fick law and the balance equation for mass. The time-fractional heat conduction equation (the time-fractional diffusion-wave equation) with Caputo derivative of order α
is a consequence of the law of conservation of energy and the time-nonlocal generalization of the Fourier law with the "long-tail memory" power kernel [18, 21, 22] , which can be interpreted in terms of fractional calculus as (τ) dτ − 1 < α < whereas the Caputo fractional derivative has the following form [9, 13, 17] :
A detailed explanation of derivation of time-fractional heat conduction equation (1) from constitutive equation (2) and the law of conservation of energy can be found in [23] .
If heat conduction is investigated in a bounded domain, the corresponding boundary conditions should be imposed. The main types of boundary conditions for the time-fractional heat conduction equation were investigated in [25, 27] . For example, the Dirichlet boundary condition prescribes the value of temperature over the surface S of a body T S = F (x S ). For the time-fractional heat conduction equations, two types of the Neumann boundary condition can be formulated: the mathematical condition with the specified boundary value of the normal derivative of temperature
and the physical condition with the prescribed boundary value of the heat flux
Recall that D 0 RL ( ) = I 0 ( ) = ( ) [17] . In the case of the classical heat conduction equation corresponding to α = 1, mathematical and physical boundary conditions are identical, but for fractional heat conduction equation, α = 1, they are essentially different.
Similarly, the mathematical Robin boundary condition is a specification of a linear combination of values of temperature and values of its normal derivative at the boundary
with some nonzero constants 1 and 2 , while the physical Robin boundary condition prescribes a linear combination of values of temperature and values of the heat flux at the boundary of the domain. In particular, the condition of convective heat exchange between a body and the environment with the temperature T e q · n S = T S − T e where is the convective heat transfer coefficient, leads to the following conditions:
Investigation of the time-fractional diffusion-wave equation dates back to the pioneering papers [15, 16, 32, 34] . In the literature, there are several papers in which the fractional heat conduction equation (fractional diffusion-wave equation) [1, 12, 31, 33] and the fractional telegraph equation [2, 11] are studied under the mathematical Robin boundary condition. In the previous publications [19, 26] , problems for a ball under Dirichlet, mathematical and physical Neumann boundary conditions were investigated. In [20] an infinite solid with spherical cavity was considered under Dirichlet and mathematical Neumann boundary conditions, whereas the corresponding problem under Robin boundary condition was studied in [29] . The fractional diffusion-wave equation in a half-line and half-space under Robin boundary condition was considered by the author [24, 28] and later on in [4] . Existence and uniqueness of solutions to a general class of time-nonlocal problems with mathematical Robin boundary condition was studied in [35] .
In the present paper, for the first time the central symmetric time-fractional heat conduction equation in a ball is studied under both the mathematical and physical Robin boundary conditions.
Solution to the problem under mathematical Robin boundary condition
Consider the central symmetric time-fractional heat conduction equation in a ball of radius R,
with zero initial conditions = 0 :
= 0 :
and the mathematical Robin boundary condition
Usually, from physical consideration, the restriction H ≥ 0 is adopted. The boundedness condition at the origin is also assumed, lim
The solution to initial-boundary-value problem (3)- (7) can be written in a convolution form
where G M ( ) is the fundamental solution being the solution of the following problem:
where δ( ) is the Dirac delta function. We have introduced the constant multiplier 0 in the delta term to obtain the nondimensional quantity displayed in figures (see (18) ).
The problem under consideration will be solved using the integral transforms technique. Recall the rules for the Laplace transform of fractional integrals and derivatives [9, 13, 17] :
Here is the Laplace transform variable, the asterisk denotes the transform.
For the central symmetric fractional heat conduction equation in a ball 0 ≤ ≤ R in the case of Robin boundary condition the following finite sin-Fourier transform is used:
sin( ξ ) (13) where the tilde denotes the finite sin-Fourier transform and ξ are the positive roots of the transcendental equation [7, 14] tan(Rξ ) = Rξ 1 − RH (14) For the Laplace operator in the case of central symmetric problem we have
In the transform domain, the solution of (8)- (12) has the following form:
Inversion of the integral transform gives
where E α β is the Mittag-Leffler function in two parameters α and β defined by the series representation
and the following formula [9, 13, 17] :
has been used.
The solution (15) can be rewritten in the dimensionless form
where
The results of numerical calculation of solution (17) are presented in Figure 1 for various values of order of fractional derivative α. Now we will investigate the approximate solution of the considered problem for small values of time . In the case of classical heat conduction, this method was described in [14] . Applying to (8)- (12) the Laplace transform with respect to time, we obtain the following equation:
and the boundary condition
Equation ( 
where A and B are the constants of integration. The boundedness condition at the origin (12) implies that B = 0, and from the mathematical Robin boundary condition (21) we have
Hence, the solution (22) is rewritten as 
where the approximate solution is denoted by G M .
Inversion of the Laplace transform taking into account (16) and the corresponding results from the appendix as well as the convolution theorem give the approximate solution in terms of the Mittag-Leffler and Mainardi functions
or in terms of nondimensional quantities
It should be emphasized that the integrand in (24) has no singularity at = 0 due to exponential decay of the Mainardi function M(α; ) for → ∞ [15] . Let us consider several typical particular cases.
Classical heat conduction equation (α = 1)
Taking into account the following formula for inverse Laplace transform [5] :
where erfc( ) is the complementary error function, we obtain
The wave equation (α = 2)
In this case [5]
with γ > 0, and for small values of time (the small values of κ) we arrive at
It should be noted that for κ = 0 15 the results of numerical calculation based on (17) and (24) practically coincide.
Solution to the problem under physical Robin boundary condition
and the physical Robin boundary condition
= R :
with the boundedness condition at the origin lim
The solution to initial-boundary-value problem (26)- (31) can be written in a convolution form
where G P ( ) is the fundamental solution being the solution of the following problem:
Unfortunately, in the case under consideration the finite sin-Fourier transform (13) cannot be used to obtain the solution as the eventual transcendental equation for the roots ξ (see the transcendental equation (14)) would contain the Laplace transform variable :
Nevertheless, the approximate solution G P similar to solution under mathematical Robin boundary condition studied above and valid for small values of time can be obtained for several typical values of the order of fractional derivative α. In this case, instead of the solution (23) we get
Below, in addition to the nondimensional quantities and κ introduced by (19) , the following dimensionless quantities will be used:
For this value of the order of fractional derivative, the solution in the Laplace transform domain reads
The denominator in (32) can be treated as a quadratic equation, which allows us to obtain the decomposition into the sum of partial fractions:
Inversion of the Laplace transform gives the approximate fundamental solution
or in the dimensionless form
Particular case α = 4/3
In this case the solution in the Laplace transform domain reads
The denominator in (34) can be also treated as a quadratic equation, which allows us to obtain the decomposition into the sum of partial fractions:
or in the nondimensional form
Wave equation α = 2
In the case of wave equation for temperature, taking into account the inverse Laplace transform (25) as well as the following formula:
we get
The results of numerical calculation of the approximate solutions (33), (35) , and (36) are presented in Figure 2 . The vertical line in Figure 2 represents the Dirac delta function. 
Concluding remarks
We have derived the analytical solutions to central symmetric time-fractional heat conduction equation in a ball under mathematical and physical Robin boundary conditions. The limiting case H = 0 corresponds to the solutions of problems under mathematical and physical Neumann boundary conditions with the prescribed boundary value of the normal derivative and with the prescribed boundary value of the heat flux, respectively (see [26] ). The Laplace transform with respect to time and the sin-Fourier transform of special type with respect to the radial coordinate have been used. It should be emphasized that in the case of physical Robin boundary condition the sin-Fourier transform cannot be applied, and the approximate solution valid for small values of time has been investigated. In the case of the classical heat conduction equation corresponding to α = 1, mathematical and physical boundary conditions are identical, but for fractional heat conduction equation these conditions as well as the relevant solutions are essentially different which is also evident from the figures. 
